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CHERRY FLOW: PHYSICAL MEASURES AND PERTURBATION
THEORY
JIAGANG YANG
Abstract. In this article we consider Cherry flows on torus which have two
singularities: a source and a saddle, and no periodic orbits. We show that every
Cherry flow admits a unique physical measure, whose basin has full volume.
This proves a conjecture given by R. Saghin and E. Vargas in [21]. We also
show that the perturbation of Cherry flow depends on the divergence at the
saddle: when the divergence is negative, this flow admits a neighborhood, such
that any flow in this neighborhood belongs to the following three cases: (a)
has a saddle connection; (b) a Cherry flow; (c) a Morse-Smale flow whose non-
wandering set consists two singularities and one periodic sink. In contrary,
when the divergence is non-negative, this flow can be approximated by non-
hyperbolic flow with arbitrarily larger number of periodic sinks.
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1. Introduction
In this article we consider Cherry flows on torus which have two singularities:
a source and a saddle, and no periodic orbits and saddle connections. Such an
example was given first by Cherry in [4] (see also [18]), and the classification of
Cherry flows was treated in [15]. In this article we are interested in the physical
measures and perturbation theory for Cherry flows.
An invariant probability µ of a flow φ is a physical measure if its basin
B(µ) = {x ∈ T2 : lim
t→+∞
1
t
∫ t
0
f(φs(x))ds =
∫
fdµ for every continuous function f}
has positive volume.
We prove the following conjecture given by Saghin and Vargas ( [21]):
Theorem A. Every C∞ Cherry flow admits a unique physical measure, whose
basin has full volume.
Throughout the paper we consider a Cherry flow φX on torus T2 generated by
a vector field X , with a source σ˜X and a quasi-minimal attractor ΛX , where ΛX
is called quasi-minimal if it is transitive, contains a saddle σX , and has neither
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periodic orbits nor saddle connections. We denote by DX(σX) the divergence at
σX . It was observed by [16, 17, 21] that the behavior of physical measures for
Cherry flows depends on the divergence at the saddle. And the flows in general
were assumed to be C∞, this is because the C∞ regularity implies that this flow is
C1+bounded variation linearizable at a neighborhood of σX (see [15][Appendix]).
The existence of physical measures for C∞ Cherry flows with non-positive diver-
gence at the saddle was proved in [21][Theorem 1.1]. Theorem A is a corollary of
the following result about the case of positive divergence at the saddle, where the
regularity assumption on the flow is removed.
Theorem B. Suppose φX is C1 and DX(σX) > 0. Then φX admits a non-trivial
physical measure supported on ΛX , this measure is ergodic, non-hyperbolic, and
whose basin has full volume.
An ergodic measure is non-trivial means that it is not supported on critical ele-
ments, i.e., on singularities or on periodic orbits. Theorem B generalizes the results
of [21, 20]. Different to most of the dynamical systems with physical measures,
where the physical measures in general are either hyperbolic (see [3, 1]) or atomic
(see [9, 22]), the physical measures in Theorem B are non-hyperbolic and non-
trivial. An interesting and important fact is that, the proof of Theorem B depends
on the non-hyperbolicity of this measure.
In [16, 17], a different kind of Cherry flows was considered, where σ˜0 is a sink.
This sink supports automatically a physical measure, which is not the case we are
interested.
We also consider the perturbation of Cherry flow. It turns out that the pertur-
bation depends also on the divergence at the singularity. For a flow Y sufficiently
close to X , we denote by σY the analytic continuation of the hyperbolic saddle σX .
A flow is called star flow if the critical elements of any C1 small perturbation are
all hyperbolic.
Theorem C. Suppose φX is C∞ and DX(σX) < 0. Then φX is a star flow.
Moreover, there is a C1 neighborhood U of φX , such that every flow Y ∈ U belongs
to one of the following three cases:
• has a saddle connection;
• or is a Morse-Smale flow, whose non-wandering set consists two singulari-
ties and one periodic sink,
• or is still a Cherry flow, which admits a unique physical measure δσY with
basin B(δσY ) = T
2 \ σ˜Y .
Theorem D. Suppose φX is C1 and DX(σX) ≥ 0. Then φX is C
1 approximated
by non-hyperbolic flows with arbitrarily large number of periodic sinks.
The techniques of Liao in [13] is important for us to remove the regularity as-
sumption on the flows, which is mainly used in the proof of Lemma 2.15. This
author would like to thank Shaobo Gan for his explanation on Liao Theory.
2. Preliminary
2.1. Ergodic measures for Cherry flow. One can always take a circle S0 which
does not bound a disk and is everywhere transverse to X e.g., see [15] [Proposition
7.1]. The inverse of the Cherry flow φX is a suspension of a continuous circle map
gX : S0 → S0, where gX is a monotone map and constant on an interval. Such circle
maps were well studied in [15, 8, 7, 19]. Note that gX has no periodic point, which
implies that gX has irrational rotation number ρ(gX) and is semi-conjugate to the
rotation Rρ(gX ) : x → x + ρ(g
X) mod 1. The semi-conjugacy piX is continuous,
monotone, has degree one and maps orbits of gX to orbits of Rρ(gX ). Because the
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piX pre-image of every point in the circle is either a singular point or a non-trivial
connected interval, and by the fact that a circle contains at most countable many
disjoint open intervals, there are at most countable many points have non-trivial
piX pre-images. In particular, this set has vanishing Lebesgue measure. Then
νX = (piX)∗ vol |S1 is well defined, and is the unique ergodic measure of g
X . For
every θ ∈ S10 , denote by τX(θ) the first return time of θ for φ
X . It is well known
that
∫
τX(θ)dν
X (θ) <∞ if and only if
µX =
∫
S1
∫
t∈[0,τX(θ))
δφXt (θ)dν
X(θ)
is an ergodic measure of φX . As a summary, we have that:
Proposition 2.1. φX has three ergodic measures δσX , δσ˜X and µ
X if and only if∫
τX(θ)dν
X(θ) <∞.
Theorem 2.2. [ [21][Theorems 1.1, 1.2]]
(a) Suppose φX is C∞ and DX(σX) ≤ 0. Then δσ˜X and δσX are the only two
ergodic measures for φX . Consequently, δσX is a physical measure with
basin equal to T2 \ σ˜X .
(b) Suppose φX is C1 and DX(σ
X) > 0. Then there exist exactly three ergodic
measures for φX : δσ˜X , δσX and a third invariant probability measure µ
X
supported on the quasi-minimal set ΛX .
2.2. Ergodic theory for flows. Throughout this subsection, we consider φY a
flow over surface M which is generated by vector field Y , and it admits a non-
trivial ergodic measure µ. Denote by Sing(Y ) the set of singularities.
The linear Poincare´ flow ψt is defined as following. Denote the normal bundle
of φY over M by
NM = ∪x∈M\Sing(Y )Nx,
where Nx is the orthogonal complement of the flow direction Y (x), i.e.,
Nx = {v ∈ TxM : v⊥Y (x)}.
Denote the orthogonal projection of TxM to Nx by pix. Write the tangent flow
by Φt = dφ
Y
t : TM → TM . Given v ∈ Nx, x ∈ Λ \ σ, ψt(v) is the orthogonal
projection of Φt(v) on NφYt (x) along the flow direction, i.e.,
ψt(v) = piφYt (x)(Φt(v)) = Φt(v) −
< Φt(v), Y (φ
Y
t (x)) >
‖Y (φYt (x))‖
2
Y (φYt (x)),
where < ., . > is the inner product on TxM given by the Riemannian metric.
2.2.1. Oseledets Theorem for flows. The following is the flow version of Oseledets
theorem.
Proposition 2.3. There exists a real number λ such that for µ almost every x:
lim
t→±∞
1
t
log ‖ψt(v)‖ = λ for every non-zero v ∈ Nx \ {0}.
When the time t0 > 0 is fixed, φ
Y
t0
is a diffeomorphism and µ is still an invariant
measure of this diffeomorphism. Suppose µˆ is an ergodic decomposition of µ for
φYt0 , then
µ =
∫
t∈[0,t0)
d(φYt )∗µˆ.
We may always choose t0 such that µ is ergodic for φ
Y
t0
. Taking such a time t0 and
denote f = φYt0 . Now let us state the following relation between Lyapunov exponent
of µ for φYt and for f , whose proof is simple and we will not provide.
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Theorem 2.4. The Lyapunov exponents of µ for f coincide to {t0λ}∪{0}, and for
µ almost every x ∈ M \ Sing(Y ), the flow direction < Y (x) > is contained in the
subbundle of the Oseledets splitting of f corresponding to zero exponent. Moreover,
we have lim 1
n
log det(Dfn(x)) = t0λ.
Remark 2.5. The above theorem implies that, for µ almost every x,
lim
t→∞
1
t
detΦt|TxM = λ.
Definition 2.6. A non-trivial ergodic measure µ for flow φY is a hyperbolic measure
if its exponent is non-vanishing.
2.2.2. Divergence. We need the following version of Liouville Theorem.
Lemma 2.7. For any x ∈M and t > 0,
ln detΦt|TxM =
∫ t
0
divY (φ
Y
s (x))ds.
The definition of divergence depends on the Riemmanian metric. Because in
this paper we only consider two dimensional torus, for simplicity, in Appendix we
provide a short proof of the above lemma with the assumption that M = T2 and
the divergence is defined by the flat metric on torus. More precisely, every small
open set of T2 can be looked as a subset of R2, choosing such a local coordinate
(x, y), in this coordinate we may write Y = (Y1, Y2) and φ
Y
t = (ft(x, y), gt(x, y)).
Then for any x ∈ T2, the divergence of Y at x is defined by divY (x) =
∂Y1
∂x
+ ∂Y2
∂y
.
Definition 2.8. Let Orb(p) be a periodic orbit of φY with period τY (p):
• the divergence of Orb(p) is defined by
DY (Orb(p)) =
1
τY (p)
∫ τY (p)
0
divY (φ
Y
s (p))ds;
• the divergence of µ is defined by DY (µ) =
∫
divY (x)dµ(x).
Remark 2.9. For an atomic measure δσ supported on a singularity σ ∈ Sing(Y ),
DY (δσ) coincides to the classical definition of divergence at σ, DY (σ). And when
µ is supported on a periodic orbit Orb(p), the above two definitions coincide, and
by Lemma 2.7, which equal to ln detΦτY (p)|TpM = ln ‖ψτY (p)|Np‖.
As a corollary of Remark 2.5 and Lemma 2.7, by Birkhoff Ergodic Theorem, we
obtain that:
Corollary 2.10. DY (µ) coincides to the Lyapunov exponent of µ for the flow φY .
The following lemma implies [21][Theorem 1.2]:
Lemma 2.11. There exists an ergodic measure µ of Y such that DY (µ) ≤ 0.
Proof. Suppose by contradiction that the divergence of every ergodic measure of
φY is positive. Denote by MY the space of invariant measures of φY . Then by
Ergodic Decomposition Theorem, there is a > 0 such that DY |MY > 2a > 0. Take
V a small neighborhood of MY in the probability space over M , such that for any
µ˜ ∈ V , ∫
divY (x)dµ˜(x) > a.
Note that the measures contained in V are not necessary to be invariant. It is well
known that for any x ∈ M , there is tx > 0 such that
1
t
∫ t
0 δφYs (x)ds ∈ V for any
t ≥ tx. A short proof is following: Suppose this is false, then there are tn →∞ such
that µn =
1
tn
∫ tn
0 δφYs (x)ds /∈ V . Because the probability space over any compact
CHERRY FLOW: PHYSICAL MEASURES AND PERTURBATION THEORY 5
manifold is compact, we can take a converging point µ0 of {µn}n∈N. Then µ0 is an
invariant measure but not contained in V , a contradiction.
Let us continue the proof. For n > 0, denote by Mn = {x; tx ≤ n}. Because⋃
nMn = M , we can choose N sufficiently large, such that vol(MN ) > 0. Observe
that for any x ∈MN and n > N ,∫
divY (y)d
( 1
n
∫ n
0
δφYs (x)ds
)
(y) =
1
n
∫ n
0
divY (δφYs (x))ds > a.
Then by Lemma 2.7,
detΦn|TxM = exp
∫
n
0
divY (δφYs (x)
)ds
> expna,
which implies that limn vol(φ
Y
n (MN )) = ∞, a contradiction to the fact that the
volume of M is bounded.

2.2.3. Star flow. Now let us give a general criterion for a two-dimensional flow Y
to be a star flow.
Theorem 2.12. Suppose all the singularities of Y are hyperbolic, and all the ergodic
measures of φY have negative divergence, then Y is a star flow.
Example 2.13.
Consider a 2-dimensional flow Y0 on R
2 with a saddle σ of negative divergence,
and each branch of the unstable manifold of σ is connected to a branch of its stable
manifold– locally this set looks like a figure ‘8’. Denote by Γ the set consisting of σ
and its two saddle connections. It is easy to show that Γ is an attractor: for each
branch of unstable manifold, we take a transverse section near to σ and analyze the
Poincare´ return maps, which are uniformly contracting. Taking a small contracting
neighborhood U , δσ is the unique invariant measure supported in U . Applying
Theorem 2.12, Y0 is a star flow in U .
Proof of Theorem 2.12: Because all the singularities of Y are hyperbolic, φY has
only finitely many singularities. By the continuation of hyperbolic singularities,
the singularities for flows in a small neighborhood are all hyperbolic. To prove this
theorem, it suffices to show that the periodic orbits of nearby flows are all periodic
sinks.
Write MY the space of invariant measures of φY . By the assumption, for any
ergodic measure µ ∈ MY , DY (µ) < 0. Then by Ergodic Decomposition Theorem,
DY (.)|MY < 0. BecauseMY is a compact space and DY (.) is a continuous function,
this implies that DY (.)|MY < a < 0 for some a < 0.
For any vector field Z ∈ U , suppose OrbZ(p) is a periodic orbit of Z. Denote
µOrbZ(p) the φ
Z ergodic measure supported on OrbZ(p). Then by the upper semi-
continuation of the invariant measures space, for U sufficiently small, µOrbZ(p) is
close to MZ in the weak star topology. From the definition of divergence for
measures,
DZ(OrbZ(p)) = DZ(µOrbZ(p)) <
a
2
< 0.
By Remark 2.9, OrbZ(p) is a periodic sink. The proof is complete.

As an immediately corollary of Theorem 2.2 (a) and Theorem 2.12, we show
that:
Lemma 2.14. Suppose φX is a C∞ Cherry flow and DX(σX) < 0. Then it is a
star flow.
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We also need the following general description on ergodic measures for flows,
whose proof depends on Liao Theory, and is postponed to Section 3. The main
difficulty in the proof arises from the existence of singularities. A similar result for
diffeomorphisms can be deduced by considering the corresponding suspension flows
or using the C1 version of Pesin Theory for diffeomorphisms in [25].
Lemma 2.15. Suppose µ is a non-trivial ergodic measure of a C1 flow. Then µ
has at least one non-negative Lyapunov exponent.
By considering again the inverse of the flow, we show that:
Corollary 2.16. Every non-trivial ergodic measure of a two-dimensional flow is
non-hyperbolic, i.e., the Lyapunov exponent and the divergence of this measure are
both vanishing.
2.3. Perturbation of flows. We need the following flow version of Franks Lemma
of [2][Theorem A.1] to modify the linear Poincare´ flow along a periodic orbit. Sim-
ilar statement was obtained by Liao in [11][Proposition 3.4].
Theorem 2.17. Given a C1 neighborhood U of Y , there is a neighborhood V ⊂ U
of Y and ε > 0 such that for any Z ∈ V, for any periodic orbit OrbZ(p) of Z with
period τ(p) ≥ 1, any neighborhood U of OrbZ(p) and any partition of [0, τZ(p)]:
0 = t0 < t1 < · · · < tl = τZ(p), 1 ≤ ti+1 − ti ≤ 2, i = 0, 1, . . . , l − 1,
and any linear isomorphisms Li : NφZti (p)
→ NφZti+1 (p)
, i = 0, 1, . . . , l − 1 satisfying
‖Li − ψ
Z
ti+1−ti |Nφti (p)
‖ ≤ ε, there exists Z˜ ∈ U such that ψZ˜ti+1−ti |Nφti (p)
= Li and
Z˜ = Z on (M \ U) ∪OrbZ(p).
Remark 2.18. In fact, for any fixed k ∈ N, one can choose V smaller, such that for
any Z ∈ V , and p1, p2, . . . , pk periodic orbits of Z, we can perturb this flow in the
above manner near to all the k periodic orbits simultaneously.
We also need the Closing Lemma:
Theorem 2.19. Suppose x ∈ M is regular point of flow Y and ω(x) contains
regular points. Then for any C1 neighborhood U of Y and any neighborhood U of
ω(x), there is a flow Z ∈ U such that Z = Y |M\U and Z has a periodic orbit
contained in U .
A deep result of Liao [13] shows that the number of periodic sinks is uniformly
bounded in a small neighborhood of a star flow. The following version of Liao’s
result which can be obtained directly from the original proof, is the motivation of
our Theorem C. Since it will not be used in this article, we do not provide a proof.
For a flow Y , denote by Sing1(Y ) the set of hyperbolic singularities which are
contained in non-trivial chain recurrent classes, and whose tangent bundle admits a
codimension-1 dominated splitting Ecs⊕Eu1 where E
u
1 is a one-dimensional unstable
bundle. Note that every σ ∈ Sing1(Y ) admits a one-dimensional strong unstable
manifold. We also write S(Y ) the number of periodic sinks of φY and K(Y ) =
#(Sing1(Y )).
Theorem 2.20. Suppose Y is a star flow. Then S(Y ) is finite, and there is a C1
neighborhood U of Y , such that for any Z ∈ U ,
S(Z) ≤ S(Y ) + 2K(Y ).
Moreover, the basin of every ‘new’ periodic sink of Z intersects one branch of the
one-dimensional strong unstable manifold of a singularity of Z which is the analytic
continuation of a singularity σ ∈ Sing1(Y ).
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Example 2.21. Applying the above theorem on the star flow Y0 in Example 2.13,
there is an open neighborhood U of Y0, such that any flow Z ∈ U has at most two
periodic orbits/sinks, and a saddle connection is broken when one periodic sink
appears.
3. Proof of Lemma 2.15
Throughout this section we suppose φY is a flow generated by vector field Y over
manifoldMd, µ is a non-trivial ergodic measure of φY with all Lyapunov exponents
negative. We prove Lemma 2.15 by showing the contradiction. In fact, we make
use of scaled linear Poincare´ flow in Liao Theory to guarantee that there are infinite
number of distinct periodic sinks, and each basin contains a uniform size of ball,
which is a contradiction.
We need the following version of [25][Theorem 5.1], where the ‘F bundle’ of the
original statement is taken to be empty here. For completeness, we give a proof in
Subsection 3.1.
Theorem 3.1. There is a compact, positive µ measure subset Λ ⊂ supp(µ)\Sing(Y )
satisfying: for any ε > 0, there are L,L
′
, δ > 0 such that for any x and φYT (x) ∈ Λ
with T > L
′
and d(x, φYT (x)) < δ, there exists a point p ∈ M and a C
1 strictly
increasing function θ : [0, T ]→ R such that:
(a) θ(0) = 0 and 1− ε < θ
′
(t) < 1 + ε;
(b) p is a periodic sink of φY with period τ(p) = θ(T );
(c) d(φY (x), φY
θ(t)(p)) ≤ ε‖Y (φ
Y
t (x))‖, t ∈ [0, T ];
(d) OrbY (p) has uniform size of stable manifold at p.
Proof of Lemma 2.15: Fix Λ, ε, δ, L, L
′
> 0 as in Theorem 3.1. By Birkhoff Ergodic
Theorem, there is x ∈ Λ and L
′
< t1 < t2 < . . . such that
(i) φYti (x) ∈ Λ for any i > 0 and φ
Y
ti
(x)→ x;
(ii) ti+1(1 − ε) > ti(1 + ε).
Applying Theorem 3.1, each pseudo orbit
(
φYt (x)
)
t∈[0,ti]
is shadowed by a peri-
odic sink pi with period (1− ε)ti < τ(pi) < (1 + ε)ti.
By (ii) above, all the periods are different, which implies that all these periodic
sinks are distinct. By (d) of Theorem 3.1, each periodic sink Orb(pi) has uniform
size of stable manifold at pi for every i, which is a contradiction.

3.1. Proof of Theorem 3.1 . In this subsection, we provide a proof of Theo-
rem 3.1. In the proof we need another flow ψ∗t : NM → NM , which is called scaled
linear Poincare´ flow:
ψ∗t (v) =
‖Y (x)‖
‖Y (φt(x))‖
ψt(v) =
ψt(v)
‖Φt|<Y (x)>‖
,
Lemma 3.2. ψ∗t is a bounded cocycle on NM in the following sense: for any τ > 0,
there is Cτ > 0 such that for any t ∈ [−τ, τ ],
‖ψ∗t ‖ ≤ Cτ .
Moreover, the two cocycles ψt and ψ
∗
t have the same Lyapunov exponent.
Proof. The uniform boundness comes from the boundness of Φt for t ∈ [−τ, τ ].
For µ almost every x, we have lim log ‖Φt(Y (x))‖
t
= 0. This implies that both ψt
and ψ∗t have the same Lyapunov exponents and Oseledets splitting.

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3.1.1. Pesin block.
Definition 3.3. The orbit arc φ[0,T ](x) is called (λ, T0)
∗-quasi contracting with re-
spect to the scaled linear Poincare´ flow ψ∗t if there exists 0 < λ < 1 and a partition
0 = t0 < t1 < · · · < tl = T, where ti+1 − ti ∈ [T0, 2T0]
such that for k = 0, 1, . . . , l − 1, we have
k−1∏
i=0
‖ψ∗ti+1−ti |Nφti (x)
‖ ≤ λk
Now we state a C1 version of Pesin block.
Lemma 3.4. There are L
′
, η, T0 > 0 and a positive µ measure subset Λ \ Sing(X),
such that for any x, φYT (x) ∈ Λ with T > L
′
, φY[0,T ](x) is (η, T0)
∗-quasi contracting
with respect to the scaled linear Poincare´ flow ψ∗t .
Proof. Taking 1 ≤ t0 < 2 such that µ is an ergodic measure for f = φYt0 . For
simplicity, we assume t0 = 1.
By subadditive ergodic theorem, there is a < 0 such that
lim
t→∞
1
t
∫
log ‖ψ∗t ‖dµ < a.
Take N0 sufficiently large, such that
1
N0
∫
log ‖ψ∗N0‖dµ < a. Consider the ergodic
decomposition of µ for fN0 = φYN0 :
µ =
1
k0
(
µ1 + · · ·+ µk0
)
.
By changing the order, we suppose that:
1
N0
∫
log ‖ψ∗N0‖dµ1 < a.
Note that µ1 is an f
N0 ergodic measure. Applying Birkhoff ergodic theorem, for
µ1 almost every x,
lim
m
1
mN0
m−1∑
i=0
log ‖ψ∗N0|NfiN0 (x)‖ < a.
There is nx > 0 such that for any m > nx,
1
mN0
m−1∑
i=0
log ‖ψ∗N0 |NfiN0 (x)‖ < a.
Choose N1 such that the set Λ
′
= {x;n(x) < N1} has positive µ1 measure. Let
Λ ⊂ Λ
′
be a compact subset with positive µ1 measure. It follows immediately that
µ(Λ) > 0. By Lemma 3.2, let
K = sup
|t|≤N0,y∈Λ
{‖ψ∗t |Ny‖}.
Choose N2 sufficiently large and b < 0 such that
N2 +N0
N0
a+ 3K < b < 0.
We claim that for any sequence n1 < n2 · · · < nl satisfying N2 ≤ ni+1 − ni ≤
N2 +N0 for 0 ≤ i ≤ l− 1 and x ∈ Λ:
1
l
l−1∑
i=0
log ‖ψ∗ni+1−ni |Nfni (x)‖ < b.
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Let continue the proof. Choose L
′
> 0 be sufficiently large, such that for any
n > L
′
, there always exists a sequence n1 < n2 · · · < nl satisfying N2 ≤ ni+1−ni ≤
N2 +N0 for each 0 ≤ i ≤ l− 1. Then by the above claim, we conclude the proof of
this lemma.
It remains to prove the claim. For each 0 ≤ i < l, denote
ki = [
ni+1
N0
]− [
ni
N0
]− 1, n
′
i = ([
ni
N0
] + 1)N0 and n
∗
i+1 = [
ni+1
N0
]N0.
Then n∗i ≤ ni ≤ n
′
i, n
∗
i+1 − n
′
i = kiN0 and
ψ∗ni+1−ni |Nfni (x) = ψ
∗
ni+1−n∗i+1
|N
f
n∗
i+1 (x)
◦ ψ∗kiN0 |N
f
n
′
i (x)
◦ ψ∗
n
′
i
−ni
|Nfni (x)
Observe that ni+1 − n∗i+1 ≤ N0 and n
′
i − ni ≤ N0, which imply in particular that
log ‖ψ∗ni+1−ni |Nfni (x)‖ ≤ 2K + log ‖ψ
∗
kiN0
|N
f
n
′
i (x)
‖
≤ 3K + log ‖ψ∗
n
′
i+1−n
′
i
|N
f
n
′
i (x)
‖.
Because n
′
0 = 0, we have that
1
l
l−1∑
i=0
log ‖ψ∗ni+1−ni |Nfni (x)‖ ≤
1
l
l∑
i=0
log ‖ψ∗
n
′
i+1−n
′
i
|N
f
n
′
i (x)
‖+ 3K
≤
1
l
n
′
l+1
N0∑
j=0
log ‖ψ∗N0|NfjN0 (x)‖+ 3K
≤
n
′
l+1
lN0
a+ 3K ≤
N2 +N0
N0
a+ 3K ≤ b

3.1.2. Liao’s shadowing lemma for scaled linear Poincare´ flow. In this subsection
we introduce the Liao’s shadowing lemma for scaled linear Poincare´ flow of [13].
The idea of the proof is explained:
Theorem 3.5. Given a compact set Λ ∩ Sing(Y ) = ∅, and η > 0, T0 > 0, for any
ε > 0 there exist δ > 0 and L > 0, such that for any (η, T0)
∗-quasi contracting
orbit arc φ[0,T ](x) with respect to the scaled linear Poincare´ flow ψ
∗
t which satisfies
x, φYT (x) ∈ Λ and d(x, φT (x)) ≤ δ, there exists a point p ∈ M and a C
1 strictly
increasing function θ : [0, T ]→ R such that
(a) θ(0) = 0 and 1− ε < θ
′
(t) < 1 + ε;
(b) p is a periodic sink with τ(p) = θ(T );
(c) d(φYt (x), φ
Y
θ(t)(p)) ≤ ε‖Y (φ
Y
t (x))‖, t ∈ [0, T ];
(d) Orb(p) has uniform size of stable manifold at p.
Proof. For simplicity, we assume M is an open set in Rd, which implies that for
every regular point x ∈ M , Nx is a d − 1-dimensional hyperplane. For β > 0, we
denote by Nx(β) the ball contained in Nx with radius β.
The first step is to translate the problem for flow into the shadowing lemma for
a sequence of maps: by [6][Lemmas 2.2, 2.3], there is β depending on T0 such that
the holonomy map induced by φY is well defined between
Px,φYt (x) : Nx(β‖Y (x)‖)→ NφYt (x) for any t ∈ [T0, 2T0],
which is conjugate to the following map:
P∗
x,φYt (x)
,Nx(β)→ NφYt (x) : P
∗
x,φYt (x)
(a) =
Px,φYt (x)(a‖Y (x)‖)
‖Y (φYt (x))‖
.
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The tangent map of P∗
x,φYt (x)
is uniformly continuous.
Take the sequence of times 0 = t0 < t1 < · · · < tl = T in the definition of quasi
contracting orbit. We consider the local diffeomorphisms induced by the holonomy
maps:
Ti = P
∗
φYti−1
(x),φYti
(x) for 1 ≤ i ≤ l − 1;
and Tl : NφYtl−1 (x)
(β)→ Nx. Because d(x, φYT (x)) is sufficiently small, the holonomy
map Tl is well defined. For each 1 ≤ i ≤ l, we have
TTi(0) = ψ
∗
ti−ti−1 |NφY
ti−1
(x)
.
Then, by the definition of quasi contracting, there is 0 < λ < 1 such that for
k = 1, . . . , l, we have
k∏
i=1
‖Ti‖ ≤ λ
k.
Now we apply the version of Liao’s shadowing lemma on discrete quasi hyperbolic
maps ([5][Theorem 1.1]), see also [10, 12, 14] and the explanation below. On the
d(x, φYT (x))-pseudo orbit {0x, 0φYt1(x)
, . . . , 0φYtl−1(x)
}, there is L > 0 and a periodic
point p ∈ Nx for the maps {T0, · · · , Tl−1}, whose orbit Ld(x, φYT (x))-shadows the
pseudo orbit.
Using the version of flow tubular theorem [6][Lemmas 2.2], one can prove (a),
(b) and (c) above. Now let us focus on the proof of (d). We follow the proof of [5].
By Lemma 3.1 of [5], there is a sequence of positive numbers {ci}li=1 called well
adapted such that:
(i) gj =
∏k
j=1 cj ≤ 1, k = 1, . . . , l− 1 and gl =
∏l
j=1 cj = 1;
(ii) denote T˜j(a) = g
−1
j Tj(gj−1a) for a ∈ R
d−1, then
‖T T˜j(0)|Ej‖ ≤ λ.
It was shown in [5] (p. 631) that the well adapted sequence is uniformly bounded
from above and from zero, and the sequence of contracting maps {T˜j}lj=1 are Lip-
schtez maps (with uniform Lipschtez constant).
Denote by
Ψk = Tk · · · ◦ T1 and Ψ˜k = T˜k · · · ◦ T˜1.
It is easy to see that
Ψk = gkΨ˜k and Ψl = Ψ˜l.(1)
Observe that {0x, 0φYt1
(x), · · · , 0φYtl−1(x)
} is still a d(x, φYT (x))-pseudo orbit of se-
quence of uniformly contracting diffeomorphisms {T˜j}
l−1
j=0. By the standard shadow-
ing lemma for hyperbolic diffeomorphisms (see [5][Lemma 2.1]), there is L > 0 such
that the pseudo orbit is Ld(x, φYT (x))-shadowed by periodic orbit {p˜, p˜1, . . . , p˜l−1},
and this periodic orbit has uniform size of stable manifold. By (1), {gkp˜k}lk=1 is a
pseudo orbit for the original sequence of maps {Tk}
l−1
k=0. Observe that gl = 1, which
implies that p0 and p˜0 coincide and have the same stable manifold. Hence, p0 has
uniform size of stable manifold. We conclude the proof of (d).

3.1.3. Proof of Theorem 3.1. It is easy to see that Theorem 3.1 is a direct corollary
of Lemma 3.4 and Theorem 3.5.
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4. Proof of Theorem B
Proof of Theorem B. : By Theorem 2.2(b), ΛX admits two ergodic measures: δσX
and µX . By Corollaries 2.16 and 2.10, µX is non-hyperbolic and DX(µX) = 0.
For every x ∈ M \ σ˜X , its forward orbit converges to the quasi-minimal set. In
particular, any accumulated point of 1
t
∫ t
0 δφXs (x)ds can be written as aδσX + (1 −
a)µX for some 0 ≤ a ≤ 1.
For 0 ≤ b ≤ 1, denote Kb = {aδσX + (1 − a)µ
X ; b ≤ a ≤ 1} and
Γb = {x ∈ T
2; there is ti →∞ such that lim
i
1
ti
∫ ti
0
δφXs (x)ds ∈ Kb}.
We claim that vol(Γb) = 0 for every b > 0. It is easy to see that Theorem B follows
from this claim immediately. Now let us prove this claim.
Proof. BecauseDX(σX) > 0 andDX(µX) = 0, there is c > 0 such that DX |Kb > 2c.
Taking V a small neighborhood of Kb in the probability space of T2, such that for
any measure µ ∈ V which is possibly not invariant, we have
∫
divX(x)dµ(x) > c.
Denote by
Γb,n = {x; there is tx ∈ [n, n+ 1) such that
1
tx
∫ tx
0
δφXs (x)ds ∈ V}.
Then for every x ∈ Γb,n, we have∫
divX(y)d
( 1
tx
∫ tx
0
δφXs (x)ds
)
(y) =
1
tx
∫ tx
0
div(φXs (x))ds > c,
which implies by Lemma 2.7 that
detΦtx |TxT2 = exp
tx
∫
tx
0
divX (φ
X
s (x))ds > expctx .
Denote by C = maxx∈T2,t∈[0,1){detΦt|TxT2}. Then for any x ∈ Γb,n,
detΦn|TxT2 >
1
C
expcn,
which implies that vol(Γb,n) ≤ C exp−cn.
Because Γb ⊂
⋂
n
⋃
i>n Γb,n, the above argument shows that vol(Γb) = 0. The
proof of the claim is complete. 

5. Proof of Theorems C and D
5.1. Perturbation of Cherry flow. Recall that S0 is a circle transverse to X .
There is a C1 neighborhood U0 of X such that for any flow Y ∈ U0, S0 is still
transverse to Y . Moreover, the inverse of φY can be looked as a suspension of a
continuous circle map gY , where gY is a monotone circle map which is constant on
an interval IY . The intersection between a periodic orbit of φY with S0 corresponds
to a periodic orbit of gY . In contrary, a periodic orbit of gY which does not intersect
with IY corresponds to a periodic orbit of φY . Denote by Per(Y ) and Per(gY ) the
set of periodic orbits for Y and gY respectively. A segment I = [p, q] ⊂ S0 is
called a gY -periodic segment if p, q both are periodic points of gY . The proof of the
following lemma is the same as for homeomorphisms over circle.
Lemma 5.1. Suppose gY has a periodic point with period k. Then its rotation
number ρ(gY ) is rational, all the periodic points have the same period, and every
periodic segment is fixed by (gY )k. Moreover, for any θ ∈ S0, ω(θ) is a periodic
orbit of gY .
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Corollary 5.2. #Per(Y ) ≥ #Per(gY )− 1. More precisely, suppose Y contains n
periodic sources, then it has at least n periodic orbits which are not periodic sources,
and #Per(Y ) ≥ 2n; in contrary, when Y contains n periodic sinks, then it has at
least n− 1 periodic orbits which are not periodic sinks, and #Per(Y ) ≥ 2n− 1.
Proof. Observe that gY (IY ) is a point, IY intersects at most one periodic orbit,
and in this case, IY belongs to the stable set of this periodic orbit. Hence, the
periodic orbit which intersects with IY is not a source for gY .
When Y has n periodic sinks: OrbY (p1), . . . ,OrbY (pn), suppose p1, . . . , pn ∈ S0.
Then for every 1 ≤ i ≤ n, pi is an isolated source for gY . For each 1 ≤ i ≤ n, take
qi the nearest periodic point of g
Y to pi in the counterclockwise direction, then qi
has a half neighborhood which is topologically contracting by gY . There are at
least #Per(gY ) − 1 distinct such periodic orbits of gY which do not intersect IY ,
these periodic orbits correspond to intersections of periodic orbits of Y with S0.
Therefore, there are at least n−1 gY -periodic orbits of {OrbgY (q1), . . . ,OrbgY (qn)}
can be lifted to periodic orbits of Y which are not periodic sinks. As a conclusion,
φY has at least 2n− 1 periodic orbits.
When Y has n periodic sources: OrbY (p1), . . . ,OrbY (pn), suppose p1, . . . , pn ∈
S0. Then for every 1 ≤ i ≤ n, pi is an isolated sink for gY . We first consider the
case that IY does not intersect a periodic orbit of gY . Taking qi the nearest periodic
point of gY to pi in the counterclockwise direction, then qi has at least a half neigh-
borhood which is expanding by gY . As observed above, {OrbgY (q1), . . . ,OrbgY (qn)}
can be lifted to periodic orbits of Y which are not periodic sources. Hence, Y has
at least 2n periodic orbits.
In the second case, we suppose p0 ∈ I
Y is a periodic point of gY . We may further
suppose that I \ p0 contains a segment in the counterclockwise direction, the proof
of other case is similar. Taking qi i = 0, 1, . . . , n the nearest periodic point of g
Y
in the counterclockwise direction, Then each qi has at least a half neighborhood is
expanding by (gY )k. There are at least n gY -periodic orbits of {q0, . . . , qn} can be
lift to periodic orbits of Y , which are not periodic sources. This implies that Y has
at least 2n periodic orbits.
The proof of this corollary is finished. 
5.2. Proof of Theorems C and D.
Proof of Theorem C:. Fix U0 the neighborhood of X given in subsection 5.1. By
Lemma 2.14, φt is a star flow. There is a C
1 neighborhood U ⊂ U0 of X such that
for any flow Y ∈ U , Y belongs to the following three cases:
(a) has a saddle connection;
(b) has no periodic orbits,
(c) has periodic orbits, and all the periodic orbits are periodic sinks.
From now on, we assume that Y has no saddle connection.
Recall the general definition of Cherry flow in [15]:
Definition 5.3. A flow on T2 is called a Cherry flow if it has:
(i) a finite number of singularities all of which are hyperbolic;
(ii) no periodic orbits;
(iii) no saddle-connections;
(iv) sinks.
When φY contains no periodic orbit, by the above definition of Cherry flow, Y
is automatically a C1 Cherry flow. Denote by ΛY the quasi-minimal attractor and
σY the singularity contained in ΛY . By Proposition 2.1, ΛY admits at most two
ergodic measures. We claim that ΛY admits a unique ergodic measure δσY .
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Proof. Suppose that ΛY admits another non-trivial ergodic measure µY of φY .
Because ΛX only supports a unique invariant measure δσ0 of φ
X with negative
divergence, by the upper-semi continuation of the invariant measures spaces, we
have that
∫
divY (x)dµ
Y (x) < 0. This contradicts to Corollary 2.16.

The above claim implies that δσY is a physical measure, whose basin coincides
to T2 \ σ˜Y where σ˜Y denotes the unique source of Y .
Now suppose φY contains a periodic sink p. Let us show that OrbY (p) is the
unique periodic orbit of φY . Suppose there is a different periodic sink OrbY (q). By
Corollary 5.2, φY has a periodic orbit which is not a periodic sink. This contradicts
to the fact that every periodic orbit of φY is a periodic sink. Hence, φY contains
only one periodic sink.
It remains to show that φY is a Morse-Smale flow. We are going to prove that
every x ∈ T2 \ (σ˜Y ∪ σY ∪W s(σY )) belongs to the attracting basin of the periodic
sink OrbY (p). Suppose this is false, then there is x ∈ T
2 \ (σ˜Y ∪ σY ∪W s(σY ))
such that ω(x) is not a critical element. Take a smaller neighborhood V of ω(x)
such that V ∩OrbY (p) = ∅. Then by Closing Lemma, there is another flow Z ∈ U
such that Z|V c = Y and φZ has a periodic orbit OrbZ(q) ⊂ V . Then φZ has two
periodic orbits, a contradiction to the above discussion that φZ has at most one
periodic orbit. The proof is complete.

Proof of Theorem D:. We first prove that φt can be approximated by flows with
arbitrarily large number of periodic sinks. Suppose by contradiction that there
exist l > 0 and U ⊂ U0 a neighborhood of X such that every flow Y ∈ U has at
most l periodic sinks. We claim that l ≥ 1.
Proof. Suppose by contradiction that l = 0. By Closing lemma, there is a flow Y
arbitrarily close to X such that Y has at least one periodic orbit OrbY (p) which
is not a periodic sink. After a small perturbation at the singularity σY , we may
always assume that DY (σY ) > 0. When DY (OrbY (p)) = 0, which means this
periodic orbit is non-hyperbolic, we can apply the Franks Lemma (Theorem 2.17)
to show that, there is flow Z arbitrarily close to Y such that OrbZ(p) is a periodic
sink. This contradicts our previous assumption.
From now on, we assume that all the periodic orbits of Y are sources. By
Corollary 5.2, Y has at least another periodic orbit OrbY (q) which is not a periodic
source. This contradicts to the above assumption that all the periodic orbits of Y
should be periodic sources.

Take a flow Y which is arbitrarily close to X such that φY contains l periodic
sinks OrbY (p1), . . . ,OrbY (pl). By Corollary 5.2, Y contains at least l − 1 periodic
orbits which are not periodic sinks. Replacing by arbitrary small perturbation, we
suppose the l− 1 periodic orbits OrbY (q1), . . . ,OrbY (ql−1) are all periodic sources.
Because all the invariant measures of X have non-negative divergence, by the upper
semi-continuation of the invariant measures space, there is ε close to zero such that
for any 1 ≤ i ≤ l, DY (OrbY (pi)) ≥ −ε. Applying Franks Lemma as observed in
Remark 2.18, there is a flow Z which is close to Y such that
• {OrbZ(pi); i = 1, . . . , l} are all periodic sources with divergence smaller
than ε,
• Z = Y outside a small neighborhood of ∪i=1,...,lOrbY (pi).
In particular, Z has 2l − 1 periodic sources. By Corollary 5.2, Z has at least
another 2l − 1 periodic orbits OrbZ(a1), . . . ,OrbZ(a2l−1) which are not periodic
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sources. Because {OrbZ(pi)}li=1 all have small divergence, using again the Franks
Lemma, we obtain a flow Zˆ such that
Orb
Zˆ
(p1), . . . ,OrbZˆ(pl)),OrbZˆ(a1), . . . ,OrbZˆ(a2l−1)
are all periodic sinks. Hence Zˆ has at least 3l−1 > l periodic sinks, a contradiction
to the assumption that Zˆ has at most l periodic sinks. This contradiction shows
that X can be approached by a flow Y with arbitrarily large number of periodic
sinks.
For any l > 0, take Y sufficiently close to X such that Y has l periodic sinks
{OrbY (p1), . . . ,OrbY (pl)}. As explained above, all these periodic sinks have nega-
tive divergence close to zero. Applying Franks Lemma on OrbY (p1), there is a flow
Z arbitrarily close to Y such that
• OrbZ(p1) is not-hyperbolic,
• OrbZ(p2), . . . ,OrbZ(pl) are still periodic sinks of Z.
The proof is complete. 
Appendix A. Proof of Lemma 2.7
Proof of Lemma 2.7: For s ∈ [0, t], denote by xs = φYs (x). Because
d
ds
∣∣
s0
(ln detΦs|TxM ) = lim
∆s→0
1
∆s
(ln detΦs0+∆s|TxM − ln detΦs0 |TxM )
= lim
∆s→0
1
∆s
(ln detΦ∆s|Txs0M )
= lim
∆s→0
1
∆s
ln det
∣∣∣∣∣
∂f∆s
∂x
|xs0
∂g∆s
∂x
|xs0
∂f∆s
∂y
|xs0
∂g∆s
∂y
|xs0
∣∣∣∣∣
=
d
d∆s
|∆s=0 ln
(∂f∆s
∂x
∂g∆s
∂y
−
∂g∆s
∂x
∂f∆s
∂y
)∣∣
xs0
=
d
d∆s |∆s=0
(∂f∆s(xs0)
∂x
∂g∆s(xs0)
∂y
−
∂g∆s(xs0)
∂x
∂f∆s(xs0)
∂y
)
detΦ0|Txs0M
Note that
d
d∆s
|∆s=0(
∂f∆s(xs0)
∂x
) =
∂
∂x
(
d
d∆x
|∆s=0(f∆s(xs0))) =
∂
∂x
(Y1(xs0)).
Similarity, we have that
d
d∆s
|∆s=0(
∂g∆s(xs0)
∂y
) =
∂
∂x
(Y2(xs0 )),
d
d∆s
|∆s=0(
∂g∆s(xs0)
∂x
) =
∂
∂y
(Y1(xs0)),
d
d∆s
|∆s=0(
∂f∆s(xs0 )
∂y
) =
∂
∂y
(Y2(xs0 )).
Because Φ0|Txs0M = ID, we have(
∂f∆s(xs0)
∂x
∂g∆s(xs0)
∂x
∂f∆s(xs0)
∂y
∂g∆s(xs0)
∂y
)
∆s=0
= ID .
Combining the above argument, we show that
d
ds
∣∣
s0
(ln detΦs|TxM ) =
∂Y1
∂x
+
∂Y2
∂y
= divY (xs0 )
CHERRY FLOW: PHYSICAL MEASURES AND PERTURBATION THEORY 15
Hence,
ln detΦt|TxM =
∫ t
0
d
ds
(ln detΦs|TxM )ds =
∫ t
0
divY (xs)ds.
The proof is complete.

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